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EXCEPTIONAL SEQUENCES ON RATIONAL C∗-SURFACES
ANDREAS HOCHENEGGER AND NATHAN OWEN ILTEN
Abstract. Inspired by Bondal’s conjecture, we study the behavior of exceptional se-
quences of line bundles on rational C∗-surfaces under homogeneous degenerations. In
particular, we provide a sufficient criterion for such a sequence to remain exceptional
under a given degeneration. We apply our results to show that, for toric surfaces of
Picard rank 3 or 4, all full exceptional sequences of line bundles may be constructed via
augmentation. We also discuss how our techniques may be used to construct noncom-
mutative deformations of derived categories.
Introduction
In their study of exceptional sequences of line bundles on rational surfaces in [HP11],
L. Hille and M. Perling introduced so-called toric systems. A toric system on a rational
surface of Picard number ρ consists of a (ρ+ 2)-tuple of divisor classes satisfying certain
conditions regarding their intersection numbers, see Definition 3.2. In any case, every
full exceptional sequence of line bundles on a rational surface gives rise to a toric system.
On the other hand, in [HP11] it was shown how for any toric system A on a rational
surface X , one can construct an associated smooth toric variety TV(A), see Section 3.1.
A. Bondal loosely conjectured that there should be a degeneration from X to TV(A). As
the following example shows, this cannot be true if interpreted in a naive sense.
Example. We consider the second Hirzebruch surface F2 = ProjP1(O ⊕ O(2)). A full
exceptional sequence is given by by E = (O,O(P ),O(Q),O(P +Q)) where P is the fiber
class and Q is the divisor class such that P.Q = 1 and Q2 = 2. The corresponding toric
system is A = (P,−P+Q,P,−P+Q) which has associated the toric surface F0 = P
1×P1.
However, F2 does not degenerate (i.e. specialize) to F0. On the contrary, F0 degenerates
to F2. Note that although E was exceptional, it was not strongly exceptional.
The example suggests two modifications to the conjecture: either one restricts to toric
systems coming from strongly exceptional sequences, or one does not differentiate between
degeneration (i.e. specialization) and deformation (i.e. generalization).
In the present paper, we take a slightly different tack. Instead of trying to associate
a degeneration to some toric system, we start with both a degeneration and a toric
system, and observe the behaviour of the toric system with respect to this degeneration.
We do this within the context of rational surfaces with C∗-action, where combinatorial
techniques can be utilized.
Let us describe our approach more precisely. Using the techniques introduced by R.
Vollmert and the second present author in [IV12], one can explicitly construct homo-
geneous one-parameter families with rational C∗-surfaces as the fibers. Given such a
family pi : X → B, there is a canonically defined isomorphism p¯i◦ : Pic(Xs) → Pic(X0)
between the Picard groups of a general fiber Xs and the special fiber X0, see [HI11]; this
isomorphism arises by lifting invariant line bundles on Xs to X and then restricting to
X0. We say that X0 homogeneously deforms to Xs, or conversely, that Xs homogeneously
degenerates to X0.
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Since a toric system is just a tuple of divisor classes and all surfaces considered are
smooth, a toric system A on Xs yields a tuple of divisor classes on X0 via p¯i
◦, which we
will denote by p¯i◦(A), abusing notation slightly. Conversely, a toric system on X0 yields
a tuple of divisor classes on Xs via (p¯i
◦)−1. Our first main result is then the following:
Main Theorem 1. Let X and X ′ be two smooth, complete rational C∗-surfaces both
with Picard number ρ > 2 and let A be a toric system on X. Then there is a sequence
X = X0 99K X1 99K · · · 99K Xk = X ′
of homogeneous deformations and degenerations connecting X and X ′ such that if Ai is
the image of A on X i, Ai is a toric system. Furthermore TV(Ai) = TV(A) for all i.
We then proceed to apply this machinery to toric systems on Hirzebruch surfaces,
where exceptional sequences of line bundle are well understood. In particular, we relate
degenerations of toric systems to so-called mutations, see Definition 4.5.
Although every full exceptional sequence of line bundles defines a toric system, not
every toric system comes from such a sequence; we call a toric system exceptional if it can
be constructed from an exceptional sequence of line bundles of length rkK0(X) = ρ+ 2.
An important observation is that in the above setting, an exceptional toric system may
in fact degenerate to a non-exceptional toric system, see Remark 4.4.
For a special subset of exceptional toric systems, we can say more. We call a toric
system on a rational surface constructible if it can be constructed from an exceptional
toric system on a Hirzebruch surface using the inductive process of augmentation from
[HP11], see Definition 3.3. Such toric systems are automatically exceptional and full, that
is, they come from a full exceptional sequence. We show that for any rational surface X
of fixed Picard number and any toric surface Y with equal Picard number, there exists
a constructible toric system A on X with TV(A) = Y . Given a constructible toric
system on some C∗-surface along with a degeneration, we then formulate a condition of
compatibility, which can be checked recursively, see Definition 4.8. The following theorem
makes clear the importance of this condition:
Main Theorem 2. Let pi be a homogeneous deformation of rational C∗-surfaces with
general fiber Xs and let A be a constructible toric system on Xs. Then A is compatible
with pi if and only if p¯i◦(A) is a constructible toric system. In particular, if A is compatible
with pi, then p¯i◦(A) is a full exceptional toric system.
In light of this result, a natural question is if in fact all exceptional toric systems are
constructible. For Picard rank ρ = 2, this is true by definition. Using the machinery
described above, we can show the following, which gives us an explicit description of all
full exceptional sequences of line bundles on rational C∗-surfaces of rank less than 5:
Main Theorem 3. Let X be a toric surface of Picard rank 3 or 4. Then any toric
system on X is exceptional if and only if it is constructible. In particular, any exceptional
sequence of line bundles of length rkK0(X) is full.
On the other hand, we construct a toric surface of Picard rank 5 which has a non-
constructible exceptional toric system, see Example 5.6. Finally, we also discuss how
homogeneous geometric deformations may be used to construct noncommutative defor-
mations, that is, parametrizations of derived categories of rational surfaces; several such
parametrizations have already been described in [Per10].
We now describe the organization of this paper. Section 1 contains basics on toric va-
rieties and C∗-surfaces, as well as recalling the necessary results concerning homogeneous
deformations adapted to our setting. In Section 2, we further analyze homogeneous de-
formations of C∗-surfaces. Basic definitions for exceptional sequences, toric systems, and
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augmentation may be found in Section 3. In Section 4 we apply the machinery we have
introduced and prove Main Theorems 1 and 2. In Section 5, we focus on constructible
toric systems and prove our Main Theorem 3. Finally, Section 6 contains a brief discus-
sion of noncommutative deformations.
Acknowledgements : We would like to thank David Ploog and the anonymous referee
for a number of helpful comments.
1. Rational C∗-Surfaces
In this section, we introduce notation and some necessary results concerning rational
C∗-surfaces. We begin by recalling some basic concepts from toric geometry. We then
describe rational C∗-surfaces in terms of multidivisors. Finally, we related homogeneous
deformations and degenerations of these surfaces to so-called degeneration diagrams.
1.1. Toric Basics. We begin by recalling some basics of toric geometry, see for example
[Ful93]. Let N be a lattice with dual M , and let NQ and MQ be the associated Q-vector
spaces. For any polyhedral subdivision S in NQ, and any k ∈ Z≥0, let S(k) be the set of
k-dimensional elements of S. Consider a pointed polyhedral cone σ ⊂ NQ. We say that
σ is smooth if the primitive generators of rays of σ can be completed to a lattice basis of
N . Given a pointed polyhedral cone σ ⊂ NQ, we associate an affine toric variety
TV(σ) := SpecC[σ∨ ∩M ]
whose dimension equals the rank of N . An affine toric variety is smooth exactly when
the corresponding cone is smooth.
Recall that a fan Σ is a set of cones forming a polyhedral subdivision. Given a fan Σ,
we can construct a toric variety
TV(Σ) :=
⋃
σ∈Σ
TV(σ)/ ∼,
where ∼ means that we glue the open subsets TV(σ) along common localizations in the
fraction field of C[M ]. We call a fan smooth if all elements are smooth; we call a fan
complete if the union of all elements is the vector space NQ. The variety TV(Σ) is smooth,
respectively, complete, if and only if Σ is smooth, respectively, complete.
Invariant prime divisors of X = TV(Σ) correspond to rays of Σ. For ρ ∈ Σ(1), let Dρ
denote the corresponding divisor. By an abuse of notation, we will use the same symbol
to denote a ray and its primitive lattice generator. Suppose now that X = TV(Σ) is a
smooth complete surface, i.e. Σ is smooth and complete. Then we can order the rays
of Σ in some counterclockwise order ρ0, . . . , ρl. Let −bi be the self-intersection number
of Dρi . Then using cyclical notation we have biρi = ρi−1 + ρi+1. In particular, up to
lattice isomorphism, the numbers bi determine the fan Σ, and thus determine X up to
equivariant isomorphism. We will thus also use the notation TV(b0, . . . , bl) to denote X .
Note that the Picard number ρ(X) is equal to l−1, and we have the equality
∑
bi = 3l−9.
Let c1, c2, . . . , ck ∈ Z. The continued fraction [c1, c2, . . . , ck] is inductively defined as
follows if no division by 0 occurs: [ck] = ck, [c1, c2, . . . , ck] = c1 − 1/[c2, . . . , ck]. Now
consider some l + 1 tuple (b0, . . . , bl) defining a smooth toric surface with corresponding
fan Σ in NQ. Suppose that b0 < 0 and l > 2. Using induction on l, one can easily show
that there exists a unique index α, 1 < α < l such that [b1, . . . , bα−1] is well defined and
equals zero, or equivalently, that ρα = −ρ0. If we are in this situation, we define
(1) γ =
α−1∑
i=1
(3− bi)− 3.
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We will use the following lemma in the proof of Theorem 2.1:
Lemma 1.1. We always have γ ≥ 0. Likewise, b0 + bα − γ ≥ 0. Finally, for R ∈ M
such that 〈ρα, R〉 = 1, we have 〈ρα−1, R〉 − 〈ρ1, R〉 = γ.
Proof. All statements can be easily shown by induction on l. 
1.2. Multidivisors and Rational C∗-Surfaces. By a C∗-surface, we mean a complete
surface with an effective action by the multiplicative group C∗. Thus, C∗-surfaces provide
a natural generalization of toric surfaces. These surfaces have been studied extensively,
see for example [OW77] and [FKZ07]. It turns out that C∗-surfaces correspond to so-
called multidivisors.
Definition 1.2. A multidivisor M on a smooth projective curve Y consists of proper
polyhedral subdivisions MP of Q for every P ∈ Y together with a pair (M−,M+) ∈
{◦, •}2 such that:
(1) Only finitely many MP differ from the trivial subdivision induced by a single
vertex at 0;
(2) If M− = ◦, then
∑
P∈Y minMP (0) < 0;
(3) If M+ = ◦, then
∑
P∈Y maxMP (0) > 0.
Here MP (0) denotes the set of vertices of MP .
The C∗-surface X(M) corresponding to a multidivisor M may be constructed as in
[IS11, Proposition 1.6] by associating a so-called divisorial fan to M which describes an
open covering and gluing relations. The resulting surface is birational to the product
Y × P1. Describing this construction would take us too far afield, so we will instead give
an ad hoc description of X(M) for the rational case, i.e. the case Y = P1. We do this
by gluing together localizations of toric varieties. As we will see below, the subdivisions
MP encode information about the fibers of a blowup X˜(M) of X(M), and the pair
(M−,M+) tells us what needs to be contracted to get back to X(M).
Consider M to be a multidivisor on P1. Let P ⊂ P1 be a finite set of order at least
two containing all P ∈ P1 with MP nontrivial. Let U = P
1 \ P, and for any P ∈ P, set
UP = U ∪ {P}. Let φP be any automorphism of P
1 with φP (P ) = 0 and ∞ ∈ φP (P).
Let ΣP be the fan generated by closures of cones of the form Q≥0 · (I, 1) ⊂ Q
2 for any
interval I ∈MP (1), whereMP (1) denotes the set of one-dimensional polyhedron inMP .
Projection of ΣP onto the second factor of Q induces a map prP : TV(ΣP )→ P
1.
Now, let XP = pr
−1
P (φP (UP )), and ZP = pr
−1
P (φP (U)). Note that
ZP = φP (U)× P
1 ∼= U × P1.
We can thus construct a variety X˜(M) by gluing together the open charts XP along ZP
via the above isomorphism. The C∗-action on the fibers of the maps prP are preserved
by this gluing. The cocharacter lattice of this torus C∗ can be naturally identified with
Z. There are two projective lines of fixed points under this action in X˜(M), one corre-
sponding to the ray Q≥0, the other to the ray Q≤0. To construct X(M) from X˜(M),
we contract the first, respectively, second of these curves if M+ = ◦ or M− = ◦. This
construction doesn’t depend on the choice of P or the φP .
From the above description of X(M), it is easy to see what the invariant prime Weil
divisors are, see also [PS11]. Indeed, there are divisors D+ and D− consisting of fixpoints
if M+, respectively M− equals •, and for every P ∈ P
1 and v ∈ MP , there is a corre-
sponding prime divisor DP,v lying in the fiber over P of the rational map X(M) 99K P
1.
From the above description, it is also clear that X(M) is toric if and only if P can be
chosen to have order two, say P = {P,Q}. In this case, X(M) = TV(Σ), where Σ is the
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complete fan with rays through (v, 1) for v ∈ MP (0), (v,−1) for v ∈ MQ(0), and (1, 0)
or (−1, 0) if M+ respectively M− equals •.
◦ •
| | | |
| | | |
M0
M∞
0 12 1 2
−1− 1
2 0 1
Figure 1. A possible multidivisor on P1.
Example 1.3 (A blowup of P2). Consider the multidivisor pictured in Figure 1, where
M− and M+ respectively correspond to the dots on the left and right. In this example,
X(M) is the rational C∗-surface obtained by taking the toric variety P2, blowing up in
two of the three toric fixpoints, and then blowing up in the four resulting fixpoints of the
exceptional divisors. Since this multidivisor only has two non-trivial slices, X(M) is in
fact still toric.
We now characterize multidivisors M on P1 giving smooth C∗-surfaces. We say that
M is smooth in the middle if the cone Q≥0 ·(I, 1) is smooth for all P ∈ P
1 and I ∈MP (1)
compact. Suppose thatM+ = •. Then we say thatM is smooth on the right if Q≥0 ·(I, 1)
is smooth if for all P ∈ P1 and I ∈ MP (1) unbounded on the right. Suppose instead
thatM+ = ◦. Then we say thatM is smooth on the right if there exists f+ ∈ C(P
1) and
φ+ ∈ Aut(P
1) such that
maxMφ+(P )(0) + ordP (f+) = 0, P 6= 0,∞
and the cone
σ+ = 〈(maxMφ+(0)(0), 1), (maxMφ−1
+
(∞)(0),−1)〉 ⊂ Q
2
is smooth.1 We define smooth on the left similarly. Finally, we say that M is smooth if
it is smooth on the left, right, and in the middle.
Proposition 1.4 (cf. [LS10, Proposition 5.1 and Theorem 5.3]). LetM be a multidivisor
on P1. Then the rational C∗-surface X(M) is smooth if and only if M is smooth.
For the remainder of the article, we will only be dealing with smooth rational multidi-
visors.
1.3. Degeneration Diagrams. In [IV12], R. Vollmert and the second author have
shown how to construct homogeneous deformations of rational varieties with codimension-
one torus action via certain combinatorial methods. For the case of present interest, i.e.
smooth rational C∗-surfaces, this combinatorial data may be encoded in a so-called de-
generation diagram:
Definition 1.5. Let M be a smooth rational multidivisor on P1, and choose some s ∈
P1 \ {0,∞}. A degeneration diagram for M consists of the pair (M, G), where G is a
connected graph on the vertices of M0 and Ms such that
(1) G is bipartite with respect to the natural partition induced by M0 and Ms;
(2) G can be realized in the plane with all edges being line segments, after embedding
M0 and Ms in parallel lines;
(3) Every vertex of G with valency strictly larger than one is a lattice point.
1Such a pair f+, φ+ induce an isomorphism of the neighborhood of the image of D+ in X(M) with
TV(σ+).
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Given a degeneration diagram (M, G), we may construct a new smooth rational mul-
tidivisor M(0) as follows. Let M
(0)
+ = M+, M
(0)
− = M−, and M
(0)
P =MP for P 6= 0, s.
We takeM
(0)
s to be the trivial subdivision of Q. Finally, we takeM
(0)
0 to be the complete
subdivision of Q with vertices of the form v0 + vs, where v0vs is an edge of G. Note that
the graph G encodes an admissible Minkowski decomposition of the subdivisionM
(0)
0 , see
for example [HI11, Definition 1.3].
Set B = A1\(P\{0, s}), where P is the set of all P ∈ P1 withMP nontrivial. For t ∈ B,
t 6= 0, we may also construct a new smooth rational multidivisorM(t) by exchangingMs
and Mt.
Proposition 1.6 ([IV12, Theorem 4.4]). Consider a degeneration diagram (M, G). Then
there is a flat family pi : X → B such that pi−1(t) = X(M(t)) for all t ∈ B. In particular,
pi−1(s) = X(M) and pi−1(0) = X(M(0)).
◦ •
| | | |
| | | |
M0
Ms
0 12 1 2
−1− 1
2 0 1
M
(0)
0
Figure 2. A possible degeneration diagram
Example 1.7 (A blowup of P2). Figure 2 presents a degeneration diagram for the multi-
divisorM of Figure 1 with s =∞. The resulting sliceM
(0)
0 can then be seen quite easily
as the induced subdivision on the dashed line in between M0 and Ms scaled by a factor
of two. The special fiber X(M(0)) of this degeneration is also a smooth toric surface.
We will say that X(M) homogeneously degenerates to X(M(0)), or equivalently, that
X(M(0)) homogeneously deforms to X(M). We will call pi−1(s) = X(M) and pi−1(0) =
X(M(0)) respectively the general and special fibers of pi, and denote them by Xs and X0.
Remark 1.8. Note that if M has at most three non-trivial subdivisions MP , then all
fibers pi−1(t) are isomorphic for t 6= 0.
The family pi induces a map of Picard groups p¯i◦ : Pic(X(M)) → Pic(X(M(0))). In-
deed, any C∗-invariant divisor onX(M) can be canonically lifted to a C∗-invariant divisor
on X and then restricted to a C∗-invariant divisor on X(M(0)). This can be described
explicitly. For any v ∈ Q, let µ(v) be the smallest natural number such that µ(v)v ∈ Z.
For any C∗-invariant divisor
D = a+D+ + a−D− +
∑
P∈P1
v∈MP (0)
bP,vDP,v
on X(M), set
pi◦(D) = a+D+ + a−D−+
∑
P∈P1\{0,s}
v∈MP (0)
bP,vDP,v +
∑
v0vs∈G
µ(v0+ vs)
(
b0,v0
µ(v0)
+
bs,vs
µ(vs)
)
D0,v0+vs .
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Proposition 1.9 ([HI11]). Any invariant divisor D on X(M) can be canonically lifted
to an invariant divisor Dtot on X whose restriction to the special fiber is pi◦(D). The
map pi◦ is upper-semicontinuous with respect to cohomology, and preserves Euler charac-
teristic, intersection numbers, canonical classes, and semiampleness. After factoring out
by linear equivalence, pi◦ induces an isomorphism of Picard groups p¯i◦ : Pic(X(M)) →
Pic(X(M(0))).
Remark 1.10. Let D be an invariant divisor on X(M) as above. For t 6= 0, the
restriction of Dtot to Xt = pi
−1(t) is just
D = a+D+ + a−D− +
∑
v∈Ms(0)
bs,vDt,v +
∑
P∈P1\{s}
v∈MP (0)
bP,vDP,v,
that is, divisors of the form Ds,v are replaced with those of Dt,v.
Example 1.11. We look at an explicit example of the map p¯i◦, where pi : X → B is a
deformation whose general fiber Xs is a Hirzebruch surface Fr = ProjP1(O ⊕ O(r)). As
a toric variety, Fr corresponds to the complete fan Σr with rays through (1, 0), (0, 1),
(−1, r), and (0,−1). If X(M) = Fr and M admits a non-trivial degeneration diagram,
we can assume that M0 has vertices −
1
r+α
, 0 and that Ms has vertices 0,
1
α
for some
α > 0; this follows by a straightforward calculation from the description of Σr. We call
this multidivisor M(r, α). Note that with the exception of the case r = 0, α = 1, there is
only one possible graph G making (M(r, α), G) into a degeneration diagram. Indeed, this
is the bipartite graph where both 0 vertices have degree two and the other two vertices
have degree one. For the case r = 0, α = ±1, there is also the possibility of the bipartite
graph G˜ where both 0 vertices have degree one and the other two vertices, in this case
lattice points, have degree two. In any case, the degeneration diagram (M(r, α), G) (or
(M(r, α), G˜)) has corresponding special fiber Fr+2α. The difference between G and G˜
corresponds to a flip on the total space of the deformation.
For any Hirzebruch surface Fr with r > 0, let P be the divisor class of the fiber of the
ruling on Fr, and let Q be the unique class with Q
2 = r and P.Q = 1. Now considering
the isomorphism X(M(r, α)) ∼= Fr, P and Q can respectively be represented by Ds,0 and
Ds,1/α. Consider now the deformation pi from Fr+2α to Fr determined by the degeneration
diagram (M(r, α), G) and assume r > 0. Then p¯i◦(O(P )) can be represented by D0,1/α
and p¯i◦(O(Q)) can be represented by (r + α)D0,−1/(r+α) +D0,0. One easily checks that
p¯i◦(O(P )) = O(P )(2)
p¯i◦(O(Q)) = O(Q− αP )(3)
where by abuse of notation, the O(P ) and O(Q) on the right hand side of the equalities
represent classes in Pic(Fr+2α).
The case of r = 0 requires slightly more care, since there are two possible rulings on
F0. Fix an isomorphism F0 ∼= X(M(0, α)) and consider the ruling of F0 given by the
quotient map of the C∗-action on X(M(0, α)); note that this doesn’t depend on α. Then
P and Q can be represented exactly as above. For pi corresponding to the degeneration
diagram (M(0, α), G), we once again have equations (2) and (3). On the other hand, for pi
corresponding to the degeneration diagram (M(0, 1), G˜), we have p¯i◦(O(P )) = O(Q−P )
and p¯i◦(O(Q)) = O(P ). Thus, if in this case we instead consider the other possible ruling
of F0 (and thus swap P and Q), we once again have equations (2) and (3).
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2. Properties of Homogeneous Deformations
In this section, we will analyze the flat families coming from degeneration diagrams.
First, we will consider certain deformations where both the special and general fibers are
toric. Then, we will consider the behaviour of homogeneous deformations with respect
to blowing up and blowing down invariant curves. Then, we will show that these defor-
mations suffice to connect all smooth rational C∗-surfaces of fixed Picard number larger
than two.
2.1. Deformations with Toric Fibers. Consider some homogeneous deformation pi
coming from a degeneration diagram. In general, even if X0 is toric, Xs may not be.
However, there are some homogeneous deformations for which both the special and gen-
eral fiber are toric.
Theorem 2.1. Consider a smooth complete toric surface X0 = TV(b0, . . . , bl) such that
b0 < 0 and l > 2. Then there exists a homogeneous deformation of X0 with toric general
fiber
Xs = TV(b0 + γ + 2r, bα−1, . . . , b1, bα − γ − 2r, bα+1, . . . , bl),
where α and γ are as in Lemma 1.1 and 0 ≤ r ≤ −b0.
ρα
ρ0
ρ1
ρl
(Q, 1)
(Q,−1)
(a) Σ
ρ′α
ρ′0
ρ′1
ρ′l
(Q, 1)
(Q,−1)
(b) Σ′
Figure 3. Possible fans from the proof of Theorem 2.1
Proof. Let X0 = TV(Σ) for some fan Σ ⊂ Z
2 ⊗ Q with rays ρi corresponding to the
numbers bi, see for example Figure 3(a). After a lattice transformation, we may assume
that ρ0 = (0,−1) and ρ1 = (1, r). We construct a multidivisor M
(0) by taking M
(0)
0 to
be the subdivision induced by Σ on the line (Q, 1), and by taking M
(0)
+ ,M
(0)
− to be •
if and only if r = 0 or r = −b0, respectively.
2 Note that the requirement 0 ≤ r ≤ −b0
is exactly such that Σ subdivides the line (Q,−1) only with the ray ρ0. Thus, we have
X0 = X(M
(0)) from the discussion in Section 1.2.
We now construct a degeneration diagram (M, G) giving special fiber X0. Indeed, let
the vertices ofM0 consist of those vertices v ∈M
(0)
0 with v ≤ 0. Likewise, let the vertices
of Ms consist of those vertices v ∈ M
(0)
0 with v ≥ 0. Furthermore, take M+ = M
(0)
+ ,
M− =M
(0)
− . We then define G to be the graph having edges v0vs with v0 ∈M0, vs ∈Ms
and either v0 = 0 or vs = 0. One easily confirms that (M, G) is indeed a degeneration
diagram with M
(0)
0 being the multidivisor for the corresponding special fiber.
2The condition r = −b0 is equivalent to ρl = (−1, 0).
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Now, we see that the general fiber Xs = X(M) is toric, since M0 and Ms are the
only two nontrivial subdivisions. In fact, by embedding M0 and Ms in height one and
minus one respectively, and possibly adding horizontal rays coming from M+ and M−,
we recover a fan Σ′ with Xs = X(M) = TV(Σ
′), see for example Figure 3(b). Σ′ then
has rays ρ′0, . . . , ρ
′
l ordered cyclically with ρ
′
i = ρi for α ≤ i ≤ l or i = 0 and ρ
′
i a
vertical reflection of ρα−i for 0 < i < α.
3 Let −b′i be the self-intersection number of the
divisor corresponding to the ρ′i; then Xs is represented by the chain (b
′
0, . . . , b
′
l). Now,
it is immediate from this description that b′i = bα−i for 1 ≤ i < α and that b
′
i = bi for
α < i ≤ l. Furthermore, if we take R = [0, 1] ∈ Hom(Z2,Z), we have
(4) b′α = 〈ρ
′
α−1, R〉+ 〈ρ
′
α+1, R〉 = −〈ρ1, R〉+ 〈ρα+1, R〉.
We also have 〈ρα−1, R〉 = r + γ by Lemma 1.1. Since bα = 〈ρα−1, R〉+ 〈ρα+1, R〉, we can
then rewrite equation (4) as
b′α = −r + bα − 〈ρα−1, R〉 = bα − γ − 2r.
The sum of all the intersection numbers must remain constant, so we also have b′0 =
b0 + γ + 2r, completing the proof. 
2.2. Blowing Up and Down Deformations. We shall now see how homogeneous
deformations are compatible with blowing up and blowing down. We first need the
following lemma:
Lemma 2.2. Let (M, G) be a degeneration diagram. For any edge v0vs of G such that
the divisor D0,v0+vs on X(M
(0)) has self-intersection −1, one of the vertices v0, vs must
have valency one.
Proof. If v0+ vs lies to the left or to the right of all other vertices ofM
(0)
0 , then the edge
v0vs lies to the left or right of all other edges of G as well; it is then clear that either v0
or vs must have valency one. If on the other hand v0 + vs has left and right neighboring
vertices v′, v′′ ∈ M
(0)
0 , then µ(v0 + vs) = µ(v
′) + µ(v′′) > 1, where the equality follows
from the toric formula for self-intersection numbers. If neither v0 nor vs has valency one,
they must both be lattice points, in which case µ(v0 + vs) = 1, a contradiction. 
Using this lemma, it is clear how to blow down any homogeneous deformation. In-
deed, let pi correspond to the degeneration diagram (M, G), and let φ : X0 → X
′
0 be the
contraction of an invariant minus one curve.
Suppose first of all that this curve is of the form DP,v for P 6= 0 or of the form D+ or
D−. Then we get a new multidivisor M
′ by respectively removing the vertex v from the
subdivisionMP or by settingM+ orM− to ◦. Setting G
′ = G, we then have that (M′, G)
is a degeneration diagram with X(M′(0)) = X ′0 and with X
′
s = X(M
′) a blowdown of Xs.
On the other hand, suppose that φ blows down a curve of the form D0,v in X0. Then
v corresponds to an edge v0vs of G and by the above lemma, either v0 or vs must have
valency one; assume without loss of generality that this is v0. We then get a new multi-
divisor M′ by removing the vertex v0 from the subdivision M0. Furthermore, we have
a graph G′ on M′ attained from G by removing the edge v0vs. Due to the fact that v0
had valency one in G, one easily checks that (M′, G′) is a degeneration diagram. As in
the other case, we have X(M′(0)) = X ′0 and X
′
s = X(M
′) a blowdown of Xs. In this
manner we define the blowdown of (M, G) by φ to be (M′, G′). We call the flat family
corresponding to (M′, G′) the blowdown of pi by φ.
3Note that if r = 0, then ρ′α−1 = ρ1 = (1, 0), these rays corresponding to M+ =M
(0)
+ = •.
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It is also possible to lift a homogeneous deformation pi : X → B by an invariant blowup
φ of either the special fiber X0 or the general fiber Xs. Indeed, let (M, G) be the corre-
sponding degeneration diagram.
The first possible type of blowup of X0 or Xs is by blowing up in a fixpoint of the
C∗-action which is contained in the closure of multiple orbits, that is, by changing ◦ to •
for either M+ or M−. If we define M
′ to be equal to M with the relevant modification
of M+ or M−, we get a degeneration diagram (M
′, G′) with either X(M′(0)) or X(M′)
the desired blowup of X0 or respectively Xs. Suppose instead that the blowup of X0 or
Xs corresponds to inserting a vertex v in the subdivision M
(0)
P =MP for P 6= 0, s. Then
if we define M′ to come from M by adding the vertex v to MP and setting G = G
′, we
get a degeneration diagram (M′, G′) with the same property as in the previous case.
Suppose now that a blowup of X0 corresponds to inserting a vertex v in the subdivision
M
(0)
0 . This corresponds to the insertion of a vertex v˜ in either M0 orMs, which in turn
corresponds to a blowup of Xs.
4 So assume that we have a blowup of Xs of this form.
Then we can define a multidivisor M′ from M similar to the previous cases. Likewise,
we can define a graph G′ on the vertices of M′0,M
′
s by adding an edge between v˜ and
the unique vertex connected to all neighboring vertices of v˜. This defines a degeneration
diagram (M′, G′) with the same property as above. In all such cases, we call (M′, G′) a
blowup of (M, G) by φ.
We can sum up the above discussion by the following proposition:
Proposition 2.3. Let (M, G) be a degeneration diagram with corresponding special fiber
X0 and general fiber Xs.
(1) If φ : X0 → X
′
0 is a blowdown of an invariant curve, there is a unique degeneration
diagram (M′, G′) called the blowdown of (M, G) by φ such that X(M′(0)) = X ′0
and X(M′) is an invariant blowdown of Xs.
(2) if φ : X ′0 → X0 is an invariant blowup, there is a degeneration diagram (M
′, G′)
called a blowup of (M, G) by φ such that X(M′(0)) = X ′0 and X(M
′) is an
invariant blowup of Xs.
(3) if φ : X ′s → Xs is an invariant blowup, there is a unique degeneration diagram
(M′, G′) called the blowup of (M, G) by φ such that X(M′) = X ′s and X(M
′(0))
is an invariant blowup of X0.
Example 2.4. In Figure 4, we picture some possible blowups and blowdowns of the
degeneration diagram from Figure 2. In (a), we show the resulting diagram for the
blowdown of X0 in the divisor corresponding to 1/2 ∈M
(0)
0 . In (b) and (c) we show the
two possible ways of blowing up the degeneration coming from a blowup of X0 at the
point 2 ∈M
(0)
0 .
The operations of blowing up and blowing down degeneration diagrams behaves nicely
with the induced maps on invariant divisors. More specifically, in the above setting, let
φ0 : X0 → X
′
0 be an invariant blowdown of a minus one curve with E0 the corresponding
exceptional divisor. Let pi′ be the blowdown of pi by φ, with X ′s the general fiber of pi
′.
From the description of the blowdown of a degeneration diagram, one easily confirms that
we have an invariant blowdown φs : Xs → X
′
s; let Es be the corresponding exceptional
divisor.
4Note that the placement of the vertex in either M0 or Ms is uniquely determined if v isn’t an
extremal vertex of M
(0)
0 .
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◦ •
| | |
| | | |
M0
Ms
0 1 2
−1− 1
2 0 1
M
(0)
0
(a) Blowing down X0
◦ •
| | | |
| | | | |
M0
Ms
0 12 1 2
−1− 1
2 0 1 2
M
(0)
0
(b) A blowup of X0
◦ •
| | | | |
| | | |
M0
Ms
0 12 1 2 3
−1− 1
2 0 1
M
(0)
0
(c) Alternate blowup of X0
Figure 4. Blowup and blowdown of degenerations diagrams.
Proposition 2.5. In the above situation, pi◦(Es) = E0 and the following diagram com-
mutes:
C∗-Div(X0) C
∗-Div(Xs)
pi◦
oo
C∗-Div(X ′0)
φ∗
0
OO
C∗-Div(X ′s)
φ∗s
OO
(pi′)◦
oo
Here, C∗-Div denotes the group of C∗-invariant divisors.
Proof. The claims follow from the description of the blowdown of a degeneration diagram,
the description of pi◦, and a straightforward calculation. 
2.3. Deformation Connectedness. Let X and X ′ be two smooth rational C∗-surfaces.
Definition 2.6. We say thatX and X ′ are homogeneously deformation connected if there
is a finite sequence X = X0, X1, . . . , Xk = X ′ with X i homogeneously degenerating or
deforming to X i−1 for each 1 ≤ i ≤ k.
It is well-known that a Hirzebruch surface of even parity cannot be deformed or de-
generated to a Hirzebruch surface of odd parity and vice versa. An obstruction to such a
deformation can be found by comparing the Chow rings. If we instead consider rational
surfaces of fixed Picard number ρ > 2, it is an easy exercise to see that all the Chow
rings are isomorphic. Thus, the obstruction to deformation we had for the case ρ = 2
no longer exists. In fact, for rational C∗-surfaces it is sufficient to consider homogeneous
deformations:
Theorem 2.7. Consider the set of all smooth rational C∗-surfaces with Picard number ρ
for any integer ρ > 2. All elements of this set are homogeneously deformation connected.
The proof of this theorem will constitute the remainder of this section. We first prove
the following lemma:
Lemma 2.8. Any smooth rational C∗-surface X can be degenerated to a smooth toric
surface via a finite number of homogeneous degenerations.
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Proof. Let M be a multidivisor with X = X(M). Suppose thatM has more than three
non-trivial subdivisions. Then there are non-trivial subdivisions MP ,MQ with P 6= Q
such that the left-most vertex wP ofMP and the right-most vertex wQ ofMQ are lattice
points; this follows from the smoothness criterion of Proposition 1.4. Setting 0 = P, s = Q
and considering the graph G on the vertices ofMP ,MQ with edges of the form v0wQ and
vswP for v0 ∈MP , vs ∈MQ gives a degeneration diagram (M, G). The multidivisor for
the special fiber has one less non-trivial subdivision than M.
We can apply the above procedure inductively, and can thus assume that M has at
most three non-trivial subdivisions. If M has less than three non-trivial subdivisions,
then X(M) is toric, and we are done. If as above there are non-trivial subdivisions
MP ,MQ with P 6= Q such that the left-most vertex vP ofMP and the right-most vertex
vQ of MQ are lattice points, then we can once again proceed as above and degenerate
to something with only two non-trivial subdivisions. We thus must only consider the
remaining case, which is that where M has three non-trivial subdivisions M0,M1,M∞
and M0,M∞ have no extremal lattice vertices and both extremal vertices of M1 are
lattice points. We show that this is actually impossible.
In this case, we can actually assume that the left-most vertex of M1 is 0, and that
the right-most vertex is n. Let ul0/v
l
0, u
l
∞/v
l
∞ be the left-most vertices of M0 and M∞
written in lowest terms and let ur0/v
r
0, u
r
∞/v
r
∞ similarly be the right-most vertices. Due
to smoothness we have
−ul0v
l
∞ − u
l
∞v
l
0 = 1;(5)
ur0v
r
∞ + u
r
∞v
r
0 + v
r
0v
r
∞ · n = 1.(6)
Furthermore, we of course have
(7) ulPv
r
P ≤ u
r
Pv
l
P
for P = 0,∞. Solving equations (5) and (6) for vl0 and v
r
0, substituting for these expres-
sions in (7) for P = 0, and rearranging terms gives us
vr0v
r
∞ + v
l
0v
l
∞ + u
l
∞v
r
∞v
r
0v
l
0 ≥ u
r
∞v
l
∞v
l
0v
r
0 + v
l
0v
l
∞v
r
0v
r
∞n.
Combining this with (7) for P =∞ then gives us
vr0v
r
∞ + v
l
0v
l
∞ ≥ v
l
0v
l
∞v
r
0v
r
∞n.
This however is a contradiction, since n ≥ 1 and vl0, v
l
∞, v
r
0, v
r
∞ ≥ 2. Thus, this case never
arises and we can always degenerate to a toric surface. 
In general, one can always construct a smooth rational surface of Picard rank higher
than two by iteratively blowing up a Hirzebruch surface in a number of points. This can
in fact be done equivariantly for smooth rational C∗-surfaces. For multidivisors M with
M+ =M− = •, this is stated in [OW77]. However, we know of no proof of the general
case and thus provide one here as an easy corollary of the above lemma:
Corollary 2.8.1. Any smooth rational C∗-surface X with Picard number larger than two
can be constructed from a Hirzebruch surface by a series of equivariant blowups.
Proof. Suppose that X = Xs isn’t a Hirzebruch surface. By Lemma 2.8, we know that
X degenerates to some toric variety X0 via a chain of homogeneous deformations. But
there is an invariant minus one curve on X0 which can be blown down, since X0 is toric,
see [Ful93]. Blowing down the deformations from X0 to Xs as in Proposition 2.3 gives us
a new general fiber X ′s which is an invariant blowdown of Xs. The proof then follows by
induction on the Picard number. 
We will collect several more lemmata which we shall need:
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Lemma 2.9. Consider a smooth fan Σ with rays ρ0, . . . , ρl. Let Σ1 and Σ2 be the smooth
fans attained by inserting a ray between ρ0 and ρ1 respectively ρ1 and ρ2. Then TV(Σ1)
is homogeneously deformation connected to TV(Σ2).
ρ0
ρ1
ρ2
(Q, 1)
(Q,−1)
Figure 5. Example fan in proof of Lemma 2.9
Proof. As in the proof of Theorem 2.1, we transform Σ into a multidivisor M. After a
lattice transformation, we may assume that ρ1 = (1, 0), ρ0 lies in height −1, and ρ1 lies
in height 1. For P1 6= P2 ∈ P
1, let MP1 and MP2 be the subdivisions induced by Σ on
the affine lines (Q, 1) and (Q,−1). M+ = •, and M− = ◦ unless (−1, 0) is in Σ(1). See
for example Figure 5.
Now, for some s ∈ P1 \{P1, P2}, letM be the multidivisor withMP =MP for P 6= s,
and Ms the subdivision of Q with vertices 0 and 1. For i = 1, 2, let Gi be the graph on
the vertices ofMs andMPi with edges vsw for either vertices vs = 0 ∈Ms and w ∈MPi
or vertices vs = 1 ∈ Ms and w the right-most vertex in MPi . Setting Pi = 0, one easily
checks that (M, Gi) is a degeneration diagram with general fiber X(M) and special fiber
TV(Σi), see for example Figure 6. Thus, we have homogeneous deformations from both
TV(Σ1) and TV(Σ2) to some common rational C
∗-surface, making them homogeneously
deformation connected. 
◦ •
| | | |
| | | |
| |
MP1
MP2
Ms
0 12 1 2
−1− 1
2 0 1
(a) i = 1
•◦
| | | |
| | | |
| |
MP1
MP2
Ms
0 12 1 2
−1− 1
2 0 1
(b) i = 2
Figure 6. Example degeneration diagrams in proof of Lemma 2.9
Remark 2.10. The two deformations constructed in the above proof can be naturally
glued together to give a flat family X over P1 with fibers X0 = TV(Σ1) and X∞ = TV(Σ2).
In this family, the fiber over any point s ∈ P1 is simply the blowup of TV(Σ) in s, where
we have identified the base space P1 with the divisor corresponding to the ray ρ1.
Lemma 2.11. The set {TV(b0, 0, bα, 1, 1) | b0 + bα = 1} consists of all (smooth, projec-
tive) toric surfaces of Picard rank 3 and is homogeneously deformation connected.
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Proof. The Hirzebruch surface Fr corresponds to the tuple (r, 0,−r, 0). Since any rank
3 toric surface may be attained by an invariant blowup from a Hirzebruch surface, these
correspond exactly to the tuples (r + 1, 1, 1,−r, 0) and (r, 1, 1,−r + 1, 0) up to cyclic
permutation. Thus, rank 3 toric surfaces are exactly of the desired form.
Consider now b0, bα and b
′
0, b
′
α such that b0+bα = b
′
0+b
′
α = 1. Due to symmetry we can
assume that b0, b
′
0 have the same parity. Let b
′′
0 = −max{|b0|, |b
′
0|}. Then TV(b
′′
0, 0, n −
b′′0, 1, 1) deforms to both TV(b0, 0, bα, 1, 1) and to TV(b
′
0, 0, b
′
α, 1, 1) by Theorem 2.1, so
the desired set is homogeneously deformation connected. 
We now turn to the proof of the above theorem:
Proof of Theorem 2.7. We will prove the theorem by induction on ρ. From Lemma 2.8
we have that any smooth rational C∗-surface can be homogeneously degenerated to a
smooth toric surface. Thus, for ρ = 3 the statement then follows from Lemma 2.11.
Assume that the theorem holds for Picard number ρ, and consider any two smooth
rational C∗-surfaces X1, X2 with Picard number ρ+1. By again applying Lemma 2.8, we
can assume without loss of generality that X1 and X2 are toric. Let X˜ i be an invariant
blowdown of X i. Then X˜1 and X˜2 are homogeneously deformation connected by the
induction hypothesis, and this series of deformations and degenerations can be blown up
to connect Xˆ1 and Xˆ2, where Xˆ i is an invariant blowup of X˜ i. Thus, we must only show
that Xˆ i and X i are homogeneously deformation connected, that is, any two invariant
blowups in a point of a common toric surface are homogeneously deformation connected.
But this follows from repeated application of Lemma 2.9, proving the theorem. 
3. Exceptional Sequences and Toric Systems
We first recall basic definitions for exceptional sequences and toric systems in Section
3.1, and then deal with the process of augmentation in Section 3.2.
3.1. Basics. In the following all surfaces are smooth and complete. For general features
of derived categories in algebraic geometry we refer to [Huy06]. By Db(X) we denote the
bounded derived category of coherent sheaves on some complex variety X .
Definition 3.1. An object E of Db(X) is called exceptional if it fulfills
Exti(E,E) =
{
C if i = 0
0 if i 6= 0.
An exceptional sequence E is a finite sequence of exceptional objects (E1, . . . , En) such
that there are no morphisms back, that is, Extk(Ej , Ei) = 0 for j > i and all k. Such a
sequence is called strongly exceptional if additionally Extk(Ej, Ei) = 0 for all i, j and all
k > 0. An exceptional sequence is called full if E1, . . . , En generate D
b(X), that is, the
smallest full triangulated subcategory of Db(X) containing all Ei’s is already D
b(X).
We are primarily interested in full exceptional sequences of line bundles on rational
surfaces. It is easy to see that the projection of the elements of such a sequence to
K0(X) form a basis there, implying that any such sequence must have length equal to
rkK0(X). On the other hand, it is unknown whether exceptional sequences of this length
are automatically full. Unless explicitly stated otherwise, all exceptional sequences we
consider will be of length rkK0(X) and consist only of line bundles. Furthermore, if
φ : X˜ → X is some blowup and L is a line bundle on X , we will often use L to denote
φ∗(L) as well, as long as the meaning is clear.
A related concept introduced by Hille and Perling [HP11] are so-called toric systems :
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Definition 3.2. A toric system on a rational surface X of Picard number n − 2 is a
sequence of divisor classes A = (A1, . . . , An) such that
(1) Ai.Ai+1 = 1;
(2) Ai.Aj = 0 for j /∈ {i− 1, i, i+ 1};
(3)
∑n
i=1Ai = −KX ;
where we consider indices cyclically modulo n.
One of the very nice ideas in [HP11] is that from every toric system A = (A1, . . . , An)
on a rational surface X we can construct a toric surface TV(A). Indeed, if we set
−bi = χ(O(Ai)) − 2, then TV(A) := TV(b1, . . . bn) is a smooth toric surface. On
the other hand, starting with some rational surface X with an exceptional sequence
E = (O(E1), . . . ,O(En)), we can construct an associated toric system A, by setting
(8) Ai := Ei+1 − Ei and An := (E1 −KX)−En.
If a toric system A can be constructed in this manner, we call it exceptional. If A can
be constructed in this manner from a full/strongly exceptional sequence E , we call it
full/strongly exceptional. Of course, a toric system A is (full/strongly) exceptional if
and only if (O,O(A1),O(A1 + A2), . . . ,O(
∑n−1
i=1 Ai)) forms a (full/strongly) exceptional
sequence; in such cases we call this the exceptional sequence associated to A. Similarly,
A is (strongly) exceptional if and only if
H l
(
X,O
(
k∑
i=j
−Ai
))
= 0
(
and H l+1
(
X,O
(
k∑
i=j
Ai
))
= 0
)
for all l ≥ 0 and 1 ≤ j ≤ k < n. Any cyclic permutation or reflection of the indices takes
an (exceptional) toric system to an (exceptional) toric system and doesn’t change the
associated toric variety.5 Finally, note that if X is a toric surface, the invariant divisors
Di circularly ordered form an exceptional toric system A = (D1, . . . , Dn) which we call
the canonical toric system. In this case, we have TV(A) = X .
3.2. Augmentation. It follows from Proposition 2.3 that any homogeneous deformation
of rational C∗-surfaces can be attained by repeatedly blowing up a deformation of a
Hirzebruch surface. For exceptional sequences, the situation is somewhat similar: In
[HP11], a construction called augmentation was established, which constructs new toric
systems from blowups. We recall this notion, adapting notation slightly.
Definition 3.3. Let A = (A1, . . . , An) be a toric system on a rational surface X and
X˜ → X a blowup in one point with exceptional divisor R. Then for every 1 ≤ i ≤ n we
can construct a toric system on X˜
AugiA = (A1, . . . , Ai−1, Ai − R,R,Ai+1 −R,Ai+2, . . . , An)
called the augmentation of A at the position i. For any sequence of blowups, let
Augin,...,i1 A denote the repeated augmentation of a toric system A at the positions
i1, . . . , in.
6
Lemma 3.4 (cf. [HP11, Proposition 5.5]). Let A be a toric system. Then A is (full)
exceptional if and only if AugiA is (full) exceptional.
5The property of being strongly exceptional is not invariant under cyclic permutation.
6Here we are only looking at what Hille and Perling call standard augmentations.
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Proof. The statement regarding exceptionality can easily reduced to the following ques-
tion. Let X → Y be a blowup of rational surfaces in a point with exceptional divi-
sor R and let D denote an arbitrary divisor on Y (or its pullback to X). The ques-
tion now is whether the vanishing of all the cohomology of O(D) is equivalent to the
vanishing of all the cohomology of O(D + R). This can be shown by computing that
χ(O(D)) = χ(O(D +R)) by Riemann-Roch and using the exact sequence 0→ O(D)→
O(D+R)→ OR(D+R)→ 0, see also [HP11, Lemma 4.3] for details. In [HP11, Propo-
sition 5.5], it is also shown that the fullness of A implies the fullness of AugiA. The
argument there can easily be reversed. 
Lemma 3.5. Let A be a toric system with TV(A) = TV(b1, . . . , bn). Then
TV(AugiA) = TV(b1, . . . , bi−1, bi + 1, 1, bi+1 + 1, bi+2, . . . , bn).
In other words, augmenting at position i results in a blowup of the associated toric variety
TV(A) at the same position (i.e. inserting a new ray between the rays labeled with i and
i+ 1).
Proof. This statement can be shown by straightforward computation, using the formula
χ(O(D)) = 1 + 1
2
(D2 −K.D) for the Euler characteristic. 
On the Hirzebruch surfaces Fr we will always choose the basis of Pic(Fr) used in
Example 1.11, that is, classes O(P ),O(Q) ∈ Pic(Fr) with P the divisor class of the fiber
of ruling on Fr and Q such that Q
2 = r and P · Q = 1 (so P and Q are the generators
of the nef cone). Note that for F0, P and Q are interchangeable. Hille and Perling have
calculated all possible toric systems on Hirzebruch surfaces:
Proposition 3.6 ([HP11, Proposition 5.2]). All toric systems on Fr up to cyclic permu-
tation or reflection of the indices are of the form
Ar,i =
(
P, iP +Q,P,−(r + i)P +Q
)
; and
A˜r,i =
(
−
r
2
P +Q,P + i(−
r
2
P +Q),−
r
2
P +Q,P − i(−
r
2
P +Q)
)
if r is even.
Ar,i is always full exceptional, and strongly exceptional if and only if i ≥ 1. A˜r,i is
exceptional only if r = 0, or if r = 2 and i = 0, in which cases it is also full. Finally,
TV(Ar,i) = F|r+2i| and TV(A˜r,i) = F|2i|.
Now let X be any rational surface of Picard number ρ ≥ 2. We call an exceptional
toric system A on X constructible if there is some sequence of blowups X = Xn → · · · →
X0 = Fr such that A can be constructed inductively by augmenting some exceptional
toric system on Fr. Note that by Lemma 3.4, a constructible toric system is automatically
full.
Proposition 3.7. Let Y be a toric surface with the same Picard rank ρ > 2 as a rational
surface X. Then there is an constructible toric system A on X with TV(A) = Y .
Proof. For X and Y there is a sequence of blowups reducing to Hirzebruch surfaces Fr
and Fs respectively, say X = X
n → · · · → X0 = Fr and Y = Y
n → · · · → Y 0 = Fs.
Assume that r = s mod 2. Let A be the toric system on X attained by repeatedly
augmenting Ar,(s−r)/2 at the same positions where we blow up Fs to get to Y . Due to
Lemma 3.5 it follows that TV(A) = Y .
Suppose instead that r 6= s mod 2. Note that the blowdown Y 1 → Fs isn’t unique;
there is also a blowdown Y1 → Fs′ for either s
′ = s + 1 or s′ = s − 1. Thus, by taking
instead the blowdown Y1 → Fs′ we can in fact assume that r = s mod 2. 
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4. Degenerations of Toric Systems
We now consider the behaviour of exceptional sequences and toric systems under homo-
geneous deformations. In what follows, all surfaces will be rational and have a C∗-action,
and we will only consider homogeneous deformations. We first present some general
results in Section 4.1. In Section 4.2, we will relate degenerations of toric systems to
mutations. Finally, in Section 4.3, we introduce the notion of compatibility to analyze
when a degeneration preserves the property of being exceptional.
4.1. General Results. Consider any homogeneous deformation pi : X → B of rational
C∗-surfaces. Let A = (A1, . . . , An) be any n-tuple of line bundles on a general fiber Xs.
Then we define p¯i◦(A) to be the n-tuple (p¯i◦(A1), . . . , p¯i
◦(An)), where we consider p¯i
◦ as a
map on divisor classes. We say that A degenerates to p¯i◦(A), or equivalently that p¯i◦(A)
deforms to A.
Our first observation is that degeneration preserves toric systems:
Theorem 4.1. Let pi : X → B be a homogeneous deformation of rational C∗-surfaces
and let A be a toric system on a general fiber Xs. Then p¯i
◦(A) is a toric system, and
TV(A) = TV(p¯i◦(A)). Moreover, let pi′ be a blowup of this deformation as in Proposition
2.3. Then
(9) Augi p¯i
◦(A) = (pi′)
◦
(AugiA).
In other words, augmentation commutes with degeneration.
Proof. That p¯i◦(A) is again a toric system with TV(p¯i◦(A)) = TV(A) is an immediate
consequence of Proposition 1.9. Equation (9) follows directly from Proposition 2.5. 
On the other hand, we can make a much stronger statement concerning the behavior
or toric systems under deformation:
Theorem 4.2. Let pi : X → B be a homogeneous deformation of rational C∗-surfaces
and let A be a toric system on the special fiber X0. Then (p¯i
◦)−1 (A) is a toric system
on any general fiber Xs, and TV(A) = TV((p¯i
◦)−1 (A)). Furthermore, if A is excep-
tional/constructible/strongly exceptional, then so is (p¯i◦)−1 (A).
Proof. The first two statements are shown exactly as in the proof of Theorem 4.1. From
Proposition 1.9 we have that (p¯i◦)−1 preserves the vanishing of cohomology, which implies
that (p¯i◦)−1 preserves (strong) exceptionality. Finally, if A is constructible, we can blow
down X0 to some X
′
0 such that A = AugiA
′ for some constructible toric system A′ on X ′0.
We then blown down pi to pi′ as in Proposition 2.3, which induces a blowdown Xs → X
′
s.
If
(
(pi′)
◦
)−1
(A′) is constructible, then (p¯i◦)−1 (A) is as well, since by Theorem 4.1 we
have that
(p¯i◦)−1 (A) = Augi
(
(pi′)
◦
)−1
(A′)
with respect to the blowup Xs → X
′
s. The statement then follows by induction on the
Picard number of X0. 
Combining the above two theorems with Theorem 2.7 provides us with a proof of our
Main Theorem 1 from the introduction.
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4.2. Mutations and Hirzebruch Surfaces. We now turn our attention to Hirzebruch
surfaces, where we have some more explicit results. The first is the following proposition:
Proposition 4.3. Consider some homogeneous deformation pi : X → B with special fiber
X0 = Fr+2α and general fiber Xs = Fr for r > 0. Then for all i,
p¯i◦(Ar,i) = Ar+2α,i−α
and if r is even,
p¯i◦(A˜r,i) = A˜r+2α,i.
In particular, exceptional toric systems degenerate to exceptional toric systems.
Proof. We recorded all possible deformations in Example 1.11. As noted there, we have:
p¯i◦ : Pic(Fr) → Pic(Fr+2α)
O(P ) 7→ O(P )
O(Q) 7→ O(Q− αP )
The proposition then follows from direct calculation. 
Remark 4.4. It might seem odd that in the above theorem, we must rule out the case
Xs = F0. This is due to the interchangeable roles of O(P ) and O(Q) in the basis of
Pic(F0). In this case, either p¯i
◦(A0,i) = A2α,i−α as above or p¯i
◦(A0,i) = A˜2α,i−α, and
either p¯i◦(A˜0,i) = A˜2α,i as above or p¯i
◦(A˜0,i) = A2α,i−α. In particular, the exceptional
toric system A0,i on F0 can be degenerated to A˜2α,i−α, which is not exceptional if α > 1.
Thus, in general, the property of being exceptional is not preserved under degeneration.
We further discuss this in Section 4.3.
We can further explain the above situation on Hirzebruch surfaces in terms of so-called
mutations. We first recall their definition from [Rud90]:
Definition 4.5. Let (E, F ) be a (not necessarily full) exceptional sequence of two arbi-
trary objects in Db(X). The left mutation LFE of F by E is an object of D
b(X) that
fits into the triangle
LEF →
⊕
l
Hom(E, F [l])⊗E[−l]
can
→ F → LEF [1].
Similarly, we define the right mutation RFE of F by E as the object that fits into the
triangle
E
can∗
→
⊕
l
Hom(E, F [l])∗[l]⊗ F → RFE → E[1].
For an exceptional sequence E = (E1, . . . , En) of arbitrary objects we define the left
mutation of E at position i as
LiE = (E1, . . . , Ei−1, LEiEi+1, Ei, Ei+2, . . . , En),
and analogously the right mutation of E at position i is
RiE = (E1, . . . , Ei−1, Ei+1, REi+1Ei, Ei+2, . . . , En).
Remark 4.6. In [Rud90] it is shown that the left and right mutations of a (full) ex-
ceptional sequence are again (full) exceptional, and that the right and left mutation are
inverses of each other.
On Hirzebruch surfaces, it is possible to mutate an exceptional sequence of line bundles
such that the mutation still consists of line bundles. According to the Proposition 3.6
the exceptional sequences on Fr, r > 0 correspond to toric systems of the form Ar,i up
to cyclic permutation or reflection of indices. Now let E be an exceptional sequence with
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toric system Ar,i. Consider a mutation of E at the first position. To calculate this, we
must look at ⊕
l
Hom(O,O(P )[l])⊗O[−l]
can
→ O(P ).
Since
hom(O,O(P )[l]) = hl(X,O(P )) =
{
2 l = 0
0 l 6= 0
and the map can is surjective, LOO(P ) is just the ordinary kernel of this map. In fact,
LOO(P ) = O(−P ), so
L1E = (O(−P ),O,O((i+ 1)P +Q),O((i+ 2)P +Q)).
Thus, on the level of toric systems, the left mutation of the toric system at the first
position is
L1Ar,i = Ar,i+1.
Since the first element of the mutated toric system is again P , we can iterate this process.
Hence, we denote by Lα1A the result of left mutating A α-times. Note that we can extend
this notion also to α ∈ Z. Combining this with the previous proposition gives us for any
deformation pi from Fr+2α to Fr
p¯i◦(Lα1Ar,i) = Ar+2α,i.
In particular, the α-fold left mutation of the canonical toric system on Fr degenerates to
the canonical toric system on Fr+2α. Likewise, changing to the viewpoint of deformation,
we have
(p¯i◦)−1 (L−α1 Ar+2α,i) = Ar,i.
Although we originally ruled out the case that r = 0, note that this isn’t really necessary.
We just need to choose the basis of O(P ),O(Q) ∈ Pic(F0) such that p¯i
◦(O(P )) = O(P ).
We can extend the above discussion on Hirzebruch surfaces to general rational C∗-
surfaces as follows:
Theorem 4.7. Consider a homogeneous deformation or degeneration of rational C∗-
surfaces from X to a toric surface Y , which blows down to a deformation respectively
degeneration from Fr to Fr+2α for α ∈ Z. Consider the augmentation with respect to
this blowdown AY = Augin,...,i1 Ar+2α,0 such that AY is the canonical toric system on Y .
7
Then the toric system
A = Augin,...,i1 L
α
1Ar,0
on X deforms respectively degenerates to AY .
Proof. Combine the case for Hirzebruch surfaces discussed above with Equation (9) from
Theorem 4.1. 
4.3. Compatibility. Although one might hope that homogeneous degenerations pre-
serve exceptional toric systems, we have seen in Remark 4.4 that this is in general not
the case. Likewise, the property of being strongly exceptional is also not preserved. In-
deed, consider the strongly exceptional toric system Ar,i on Fr, where i ≥ 1. As we
saw above, this can be degenerated to Ar+2α,i−α on Fr+2α, which is no longer strongly
exceptional if i < α + 1.
However, the situation isn’t hopeless—for any degeneration, we can identify a subset
of exceptional toric systems which degenerate to exceptional toric systems:
7If either r = 0 or r + 2α = 0, we must choose the basis P,Q of Pic(F0) as above.
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Definition 4.8. Let pi : X → B be a homogeneous deformation of C∗-surfaces, and let A
be a constructible toric system on a general fiber Xs. We say that A is compatible with
pi if:
(1) Xs is a Hirzebruch surface and p¯i
◦(A) is exceptional; or
(2) There is a blowdown of pi to pi′ inducing a blowdown Xs → X
′
s such that A is an
augmentation of a toric system A′ on X ′s compatible with pi
′.
Proposition 4.3 and Remark 4.4 thus give us an explicit description of the toric systems
compatible with any deformation of Hirzebruch surfaces. The second condition above
then can be applied inductively to determine all toric systems compatible with a given
deformation. The importance of compatibility is made clear by our Main Theorem 2,
which we restate here:
Theorem 4.9. Let pi be a homogeneous deformation of rational C∗-surfaces with general
fiber Xs and let A be a constructible toric system on Xs. Then A is compatible with pi if
and only if p¯i◦(A) is a constructible toric system. In particular, if A is compatible with
pi, then p¯i◦(A) is a full exceptional toric system.
Proof. We first prove that if A is compatible with pi, then p¯i◦(A) is constructible; this is
done by induction on the Picard number ρ of X0. The case ρ = 2 follows directly from the
definition of compatibility. On the other hand, the induction step follows from Equation
(9) and Lemma 3.4.
Now suppose that A isn’t compatible with pi, but AX0 := p¯i
◦(A) is constructible. Then
there is a blowdown X0 → X
′
0 and a constructible toric system AX ′0 on X
′
0 such that
AX0 is an augmentation of AX ′0 with respect to this blowup. The blowdown X0 → X
′
0
induces a unique blowdown of pi to some pi′ with special fiber X ′0 and some general fiber
X ′s. If we set A
′ :=
(
(pi′)
◦
)−1
(AX ′
0
), then by Equation (9) we can conclude that A is
an augmentation of A′, and that if A′ is compatible with pi′, then A must be compatible
with pi. Applying induction, we arrive at a contradiction, and can thus conclude that
AX0 must not have been constructible. 
Remark 4.10. Let pi : X → B be a homogeneous deformation of rational C∗-surfaces.
Assume that all exceptional toric systems on the special fiber X0 are constructible. It is
an immediate consequence of the Theorems 4.2 and 4.9, that a toric system A on X0 is
compatible with pi if and only if p¯i◦(A) is exceptional. However, we will see in Section 5
that the assumption here isn’t fulfilled in general.
Remark 4.11. It is not difficult to find constructible toric systems which are not com-
patible with certain deformations. Indeed, consider any toric surface Xs with multiple
invariant minus one curves, and let A be a constructible toric system on Xs such that
TV(A) only has a single invariant minus one curve. Then we claim there is a degeneration
of Xs with which A is not compatible. Indeed, since TV(A) only has a single invariant
minus one curve, there exists a unique blowdown Xs → X
′
s such that A is the augmenta-
tion of a constructible toric system on X ′s; let C be the corresponding minus one curve.
Now let pi be any degeneration of Xs to some X0 such that the vertex v corresponding
to C has at least degree 2 in the corresponding degeneration diagram. Then A is not
compatible with pi, since pi cannot be blown down to have general fiber X ′s.
5. Constructible Toric Systems
We now will concentrate on the constructibility of exceptional toric systems on toric
surfaces of Picard rank 3 and 4 and prove Main Theorem 3. To begin, we consider
constructible toric systems on the del Pezzo surfaces of degrees 6 and 7. We then discuss
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how to connect toric surfaces of Picard rank 3 and 4 via homogeneous degeneration to
these surfaces. To complete the proof, we analyze the behaviour of constructible toric
systems under the corresponding maps of Picard groups. We also present an example of
an exceptional toric system on a toric surface of rank 5 which is not constructible.
5.1. Automorphisms and dP6 and dP7. To start out with, note that the relationship
between a toric system A and the associated toric surface TV(A) is actually an instance of
Gale duality, as observed in [HP11]. More precisely, for a toric system A = (A1, . . . , An)
on a rational surface X , there is the exact sequence
0 −→ Pic(X) −→ Zn −→ coker ∼= Z2 −→ 0
O(D) 7→ (D.A1, . . . , D.An)
The Gale-dual configuration of A is the image of the canonical basis of Zn in Z2, which
are just the rays of TV(A). Conversely, given the rays of a toric surface, we obtain a
toric system by the dual procedure. Gale-dual configurations are unique, but only up to
isomorphism. This can be reformulated as the following proposition.
Proposition 5.1. Let A and A′ be two toric systems on a rational surface X with A2i =
(A′i)
2, and consequently TV(A) = TV(A′). Then there is an automorphism φ ∈ Pic(X)
with φ(A) = A′ which preserves the intersection pairing and the canonical divisor.
Remark 5.2. Such automorphisms are rare. For the Picard group of del Pezzo surfaces,
there are only finitely many such automorphisms, which were studied in [Man86, Chapter
4]. They may be obtained as follows. On any del Pezzo surface X 6= P1 × P1, there exist
special bases (O(H),O(R1), . . . ,O(Rn)) of the Picard group of X which diagonalize the
intersection pairing with signature (1,−1, . . . ,−1) and such that the canonical divisor
class equals −3H+
∑
Ri. The base transformation between two such bases are the men-
tioned automorphisms. One such basis may be constructed explicitly as follows. Indeed,
the del Pezzo surface X can be obtained from P2 by a sequence of blowup in generic
points. Let O(H) be the pull-back of OP2(1) and Ri the pull-backs of the exceptional
divisors to X . Then (O(H),O(R1), . . . ,O(Rn)) is a basis of the desired type.
We note that such special bases exist for all toric surfaces with the exception of even
Hirzebruch surfaces. Indeed, any toric surface X of Picard rank greater than two can
be blown down to at least one Hirzebruch surface F2a+1. There we can choose the basis
(O(H) = O(Q − aP ),O(R1) = O(Q − (a + 1)P )) of Pic(F2a+1) which has the same
properties as in the del Pezzo case. Going back to X by pulling back the divisors and
adding the exceptional ones, we get also such a special basis (O(H),O(R1), . . . ,O(Rn))
of Pic(X).
We now focus on the del Pezzo surfaces dP7 and dP6 of respective degrees 7 and
6. These are in fact toric, with dP7 = TV(1, 1, 1, 0, 0) and dP6 = TV(1, 1, 1, 1, 1, 1).
The above automorphism groups are respectively isomorphic to Z2 and the Weyl group
W (A1 × A2), which consists of 12 elements.
Proposition 5.3. On dP7 and dP6 any toric system is constructible.
Proof. We exhibit 2, respectively 12, different constructible toric systems on dP7 and dP6
yielding the same toric variety. These must be all toric systems by the above discussion.
There is a unique blowdown of dP7 to P
1×P1. By augmentation at some fixed position,
the two differing families of exceptional toric systems on P1×P1 yield two differing families
of constructible toric systems on dP7. There are six ways to blow down dP6, all resulting in
dP7. Via augmentation, each such blowdown yields two differing families of constructible
toric systems on dP6 for a total of 12. 
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We now restate our Main Theorem 3:
Theorem 5.4. Let X be a toric surface of Picard rank 3 or 4. Then any exceptional
toric system on X is constructible.
Let us briefly explain the idea of the proof. We first show that dP7 homogeneously
degenerates directly to any Picard rank 3 toric surface, and that dP6 homogeneously
degenerates in a finite number of steps to any Picard rank 4 toric surface. We then
use the induced isomorphisms of Picard groups to compare toric systems. By Theorem
4.2 and Proposition 5.3, we know that all exceptional toric systems on any rank 3 or 4
surface come from constructible toric systems on dP7 or dP6. Thus, we must check for
each degeneration we consider that, for any constructible toric system degenerating to
something nonconstructible, the degenerated toric system is no longer exceptional. For
all but finitely of our degenerations, this will follow by considering blowdowns of the
degeneration in question. The remaining finitely many cases may then be dealt with by
hand.
5.2. Homogeneous Deformations to dP6 and dP7. From Lemma 2.11, we have that
rank 3 toric surfaces are exactly those of the form
Xr = TV(r, 1, 1,−r + 1, 0) r ≥ 0.
Note thatX0 = X1 = dP7. By considering all possible invariant blowups of these surfaces,
one easily confirms that rank 4 toric surfaces are exactly those of the form
XAr = TV(r + 1, 1, 1,−r + 1, 1, 1) r ≥ 0;
XBr = TV(r + 1, 1, 2, 1,−r + 1, 0) r ≥ 0;
XCr = TV(r + 1, 2, 1, 2,−r, 0) r ≥ 0.
Here, we have XA0 = dP6.
These surfaces are all related by homogeneous deformations as depicted in Figure 7.
Here, arrows of the form 99K and  represent homogeneous deformations. All pictured
deformations of the form  can be constructed as in Theorem 2.1. For Picard rank 3,
the deformations of the form 99K are depicted in Figure 8. We leave it to the curious
reader to find degeneration diagrams giving the remaining such deformations.
Lemma 5.5. Let pi : X → B be a homogeneous deformation giving rise to an arrow of
the form  , and A a constructible toric system on Xs. Then p¯i
◦(A) is constructible.
Proof. We first observe that for any of the given deformations, Xs and X0 have the same
number of exceptional divisors. Thus, any blowdown of the general fiber Xs also induces
a blowdown of pi.
Since A is constructible, there is some blowdown X ′s of the general fiber with a con-
structible toric system A′ such that A arises from A′ via augmentation. Let pi′ be the
corresponding blowdown of pi. Now suppose that the Picard rank of Xs is 3. Then X
′
s is
some Hirzebruch surface Fr for r ≥ 1, and by Proposition 4.3, (pi′)
◦
(A′) is constructible.
It follows from Theorem 4.1 that p¯i◦(A) is also constructible.
Suppose instead that the Picard rank of Xs is 4. A straightforward calculation shows
that the special and general fibers of pi′ both have two exceptional divisors, and that X ′s
doesn’t blow down to F0. Blowing down pi
′ again and applying Theorem 4.1 twice then
leads to the desired conclusion. 
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Figure 7. Deforming homogeneously to dP7 and dP6.
5.3. Remaining Cases. As a consequence of Lemma 5.5, we now only need to check that
for arrows of the form 99K, the corresponding map of Picard groups maps constructible
toric systems to either constructible toric systems, or non-exceptional toric systems. We
show how to do this completely for the Picard rank 3 case, and present some of the cases
for Picard rank 4. The curious reader may find the remaining cases carried out in detail
in [Hoc11b].
X2 99K dP7 and X3 99K dP7 We now focus on the toric systems on dP7. We can express
the exceptional toric system Ai = A1,i on F1 from Proposition 3.6 in the special basis
(O(H),O(R1)) of Pic(F1) from Remark 5.2 as follows (recall that P = H −R1, Q = H):
Ai = (H −R1, (i+ 1)H − iR1, H − R1,−iH + (i+ 1)R1)
Augmenting Ai to get a toric system on dP7 doesn’t really depend on the position, since
the results only differ by cyclic permutation or reflection, so we can write
(10) A˜i = AugAi = (H −R1 −R2, R2, (i+ 1)H − iR1 −R2, H −R1,−iH + (i+ 1)R1)
The only automorphism of Pic(F1) preserving the intersection pairing and canonical class
comes from swapping R1 and R2. So there are two different families of exceptional toric
systems A˜i and A˜
swap
i on dP7 up to permutation and reflection. Note that A˜0 and A˜
swap
0
only differ by cyclic permutation and a reflection.
When deforming from X2 or X3 to dP7, only one of these two exceptional divisors Ri
on dP7 is mapped to an exceptional divisor on Xr by p¯i
◦, say R1 is that divisor. So A˜
swap
i
is automatically mapped by p¯i◦ to a constructible toric system on X2 or X3, respectively.
Since the image of A˜i under p¯i
◦ isn’t constructible for i 6= 0, we must show that it is also
not exceptional. Fix now the basis (O(H),O(R1),O(R2)) as in Remark 5.2 such that
p¯i◦(R2) is not an exceptional divisor.
Let i be an non-zero integer. Since A˜i = (A1, . . . , A5) is exceptional, H
•(O(
∑k
l=j −Al))
vanishes for 1 ≤ j ≤ k < 5. In particular, the cohomology of
E
(i)
1 = O(−A3) = O(−(i+ 1)H + iR1 +R2
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and
E
(i)
2 = O
(
4∑
l=2
−Al
)
= O(−(i+ 2)H + (i+ 1)R1)
vanishes.
The homogeneous deformation X2 99K X0 = dP7 and X3 99K X1 = dP7 are depicted
in Figure 8. We can compute the corresponding basis (O(H),O(R1),O(R2)) by the
procedure from Remark 5.2, and moreover, the image of this basis and E
(i)
1 under p¯i
◦.
The results are noted in Table 1, where we have written divisor classes for readability.
We see that p¯i◦(E
(i)
1 ) is effective for i < 0, so that H
0(p¯i◦(E
(i)
1 )) 6= 0. It then follows
immediately that the Serre-dual of p¯i◦(E
(i)
2 ) is effective for i > 0, since
O(K)⊗(E
(i)
2 )
−1 = O(−3H+R1+R2 + (i+2)H−(i+1)R1) = O((i−1)H−iR1+R2) = E
(−i)
1 .
In any case, p¯i◦(A˜i) is not exceptional for i 6= 0. This completes the proof that on a toric
surface X of Picard rank 3, any exceptional toric system is constructible.
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| |
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• • • •
Figure 8. Homogeneous deformations from X2 and X3, respectively, to dP7.
X2 99K X0 X3 99K X1
(H,R1, R2) (D4 +D5, D2, D4) (D1 +D5, D3, D1)
(using: → → ) (using: → → )
p¯i◦(H,R1, R2) (D1 +D2 +D5, D2, D1 +D2) (D1 + 2D5, D3, D1 +D5)
p¯i◦(E
(i)
1 ) −iD1 − (i+ 1)D5 −i(D1 + 2D5) + iD3
∼ −i(D1 + 2D2 +D3)
(using: D5 ∼ D2 +D3)
Table 1.
XB3 99K X
B
1 and X
A
2 99K X
A
1 Let A be a constructible toric system on the general fiber
Xs, which is X
B
1 or X
A
1 , respectively. Since the general fiber has the same number of
exceptional divisors as the special one X0, we can argue in the same way as in the proof
of Lemma 5.5 that p¯i◦(A) = Augi (pi
′)
◦
(A′) for some i and some constructible toric system
A′ on a blowdown X ′s of the general fiber. Since in the previous case we have shown the
statement of Theorem 5.4 already for Picard rank 3, (pi′)
◦
(A′) is either constructible or
not exceptional. By Lemma 3.4 this also holds for p¯i◦(A).
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Aˆ1 pi◦(−Aˆ13) effective.
Aˆ2 pi◦(−Aˆ22) effective.
Aˆ3 pi◦(−Aˆ33) effective for i < 0,
Serre dual of pi◦(−Aˆ31 − . . .− Aˆ
3
4) effective for i > 0,
constructible for i = 0.
Aˆ4 pi◦(−Aˆ43) effective for i < −1,
Serre dual of pi◦(−Aˆ41 − . . .− Aˆ
4
5) effective for i > −1,
constructible for i = −1.
Aˆ5 pi◦(−Aˆ53) effective for i < −1,
pi◦(−Aˆ55) effective for i > −1,
constructible for i = −1.
Table 2.
XC1 99K X
C
0 Since the image of the exceptional divisor D1 on X
C
0 isn’t exceptional
on XC1 , the corresponding blowdown X
C
0 = TV(1, 2, 1, 2, 0, 0) → TV(1, 1, 2, 0,−1)
∼= X2
cannot be extended to a blowdown of the deformation XC1 99K X
C
0 . We thus have
to look at the augmentations of the exceptional toric systems on X2. By the above
discussion, they are of the form A˜i := pi
◦(A˜swapi ) with A˜
swap
i as above an exceptional
toric system on dP7 and pi the deformation X2 99K dP7. Consider the special basis
(O(H),O(R1),O(R2)) of Pic(X2) from Remark 5.2. By pulling back and setting R3 = D1
we get the basis (O(H),O(R1),O(R2),O(R3)) of Pic(X
C
0 ). With respect to the basis
(O(H),O(R1),O(R2)), note that A˜i onX2 is as in Equation (10). Now, the augmentation
of A˜i depends on the position. In the Table 2, we record all these augmentations Aˆ
j =
Augj A˜i and their behaviour under the map p¯i
◦ : Pic(XC0 ) → Pic(X
C
1 ). More precisely,
we discuss whether the elements p¯i◦(O(
∑m
k=l−Ak)) give rise to an exceptional sequence,
i.e. have no cohomology. Here we write Aˆj = (Aˆj1, . . . , Aˆ
j
6). As is noted in the table, the
only cases which are exceptional are in fact those which are constructible.
More details for this case and for the similar remaining cases may be found in [Hoc11b].
5.4. Toric Surfaces of Higher Picard Rank. For toric surfaces of higher Picard rank,
not all exceptional toric systems are constructible. Indeed, we may consider the following
example.
Example 5.6 (A nonconstructible exceptional toric system). Let X be the toric surface
TV(2, 1, 1, 1, 1, 2, 1). A straightforward calculation shows that the toric system
A = (−D4 +D7, D3 +D4 −D7,−D3 +D7, D2 + 4D3 + 3D4 −D7,
−D2 +D4 +D5, D2 +D3 −D5,−3D3 − 2D4 +D5 −D7)
is exceptional, where Di is the invariant divisor with self-intersection −bi. On the surface
X , the exceptional divisors are D2, D3, D4, D5 and D7, and they form a basis for the
Picard group. Since the elements of A are already linear combinations of these divisors,
none can be an exceptional divisor. Thus, we see that A can’t be constructible. We want
to stress that we can’t apply Lemma 3.4 here to deduce fullness. In the subsequent article
[Hoc11a] by the first author, the fullness is established since the example above differs
from a constructible toric system only by an autoequivalence of the derived category
(namely a spherical twist).
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6. Noncommutative Deformations
We now demonstrate how the degenerations of exceptional sequences we consider can
be used to construct deformations of derived categories. If E = (E1, . . . , En) is a full
strongly exceptional sequence (not necessarily of line bundles) on a variety X , then the
corresponding tilting sheaf is defined to be
T =
⊕
Ei.
There is then an equivalence of categories between Db(X) and Db(End(T ) -mod), see
[Bon89]. The algebra End(T ) can be described as a finite path algebra with relations,
see [Per10] for examples. Note that if E is a full strongly exceptional sequence of line
bundles on a rational surface X , then we have
End(T ) =
⊕
j≤k<n
H0
(
X,O
( k∑
i=j
Ai
))
where A is the toric system corresponding to E .
Let Γ be a family of algebras parametrized over a base variety B such that for every
t ∈ B, the corresponding algebra Γt has the form End(T ) for some tilting sheaf T on some
variety. We loosely call the family Γ a noncommutative deformation as it offers a way
of “deforming” varieties via derived categories. Several concrete examples are presented
in Section 7 of [Per10]. Now suppose that pi : X → B is a homogeneous deformation of
a rational C∗-surface X0 and E is a full strongly exceptional sequence of lines bundles
on Xs which degenerates to a full strongly exceptional sequence. This data naturally
gives rise to a noncommutative deformation. Indeed, representing the elements of the
corresponding toric system A by divisors Ai,
Γt =
⊕
j≤k<n
H0
(
Xt,O
( k∑
i=j
(Atoti )|Xt
))
gives a family of endomorphism algebras with Γ0 and Γs describing the derived categories
of the special and general fibers X0 and Xs.
We wish to describe such families explicitly in the case of Hirzebruch surfaces by
defining a family of quivers. Fix some r ≥ 0 and i > 0, and 0 < α < i. We then have
the deformation pi from Fr+2α to Fr given by the degeneration diagram (M(r, α), G)
from Example 1.11. Furthermore, the toric system Ar,i is a strongly exceptional toric
system on Fr, which degenerates to the strongly exceptional toric system A = Ar+2α,i−α
on Fr+2α. To calculate Γt for t ∈ B, we thus need to know the cohomology groups
H0(Fr,O(iP +Q)), H
0(Fr,O(P )), H
0(Fr+2α,O((i− α)P +Q)), and H
0(Fr+2α,O(P )).
These can be calculated using standard toric methods. We will represent P and Q as
divisors on Fr and Fr+2α as we have in Example 1.11. That is, on Fr we represent P and
Q by respectively Dt,0 and Dt,1/α, and on Fr+2α we represent P and Q by respectively
Dt,1/α and (r+α)Dt,−1/(r+α)+D0,0+αD0,1/α. In Figure 9, we present polytopes where each
lattice point corresponds to a monomial element of the basis of the relevant cohomology
group. Note that for t 6= 0, instead of having monomials in the usual variables x and y
we have monomials in the variables x and y
y−t
.
We first concern ourselves with the global sections of O(iP +Q) and O((i−α)P +Q)
on Fr and Fr+2α, respectively. For t ∈ B, let b
(t)
j = x
j and let d
(t)
j = x
j y
y−t
. Note that
for t 6= 0, we have that b
(t)
−i, . . . , b
(t)
0 , d
(t)
−i+α, . . . , d
(t)
r+α is a basis for H
0(Fr,O(iP + Q)).
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(
y
y−t
)
x
b b b
b b b
(−i, 0)
(−i+ α, 1)
(0, 0)
(r + α, 1)
(a) H0(Fr, iP +Q)
b b
(
y
y−t
)
x
(0, 0)(−1, 0)
(b) H0(Fr, P )
y
x
b b
b b b(−i, 0)
(−i+ α,−1) (0,−1)
(r + α, 0)
(c) H0(Fr+2α, (i− α)P +Q)
b b
y
x
(0, 0)(−1, 0)
(d) H0(Fr+2α, P )
Figure 9. Global Sections of Toric Systems on Fr and Fr+2α
However, for t = 0 we run into difficulties, since b
(0)
j = d
(0)
j . Now set
c
(t)
j =
1
t
(d
(t)
j − b
(t)
j ).
Note then that c
(0)
j = y
−1. It follows that
b
(t)
−i, . . . , b
(t)
0 , c
(t)
−i+α, . . . , c
(t)
0 , d
(t)
1 , . . . , d
(t)
r+α
is a basis of H0(Fr,O(iP + Q)) for t 6= 0 and of H
0(Fr+2α,O((i− α)P + Q)) for t = 0.
Furthermore, this basis is compatible with pi insofar as, considering t as the deformation
parameter, these rational functions in x, y and t give sections of the relevant divisor
lifted to X . On the other hand, the monomials x−1 and x0 = 1 form a basis of both
H0(Fr,O(P )) and H
0(Fr+2α,O(P )), which is compatible with pi in the same sense. For
a further discussion of deformations of sections in this context, see [HI11, Section 6].
Figure 10 illustrates a family of quivers. We claim that the corresponding family of
path algebras is in fact the desired noncommutative deformation. Indeed, fix some t ∈ B.
The paths bj , cj, and dj correspond to the global sections b
(t)
j , c
(t)
j , e
(t)
j of O(iP + Q)
or O((i− α)P +Q), whereas a1, a2, d1, d2 correspond to the global sections x
−1, x, x−1, x
of O(P ). One easily checks that for fixed t, the relations in Figure 10 are precisely the
relations needed to represent Γt. Note that in particular, for t 6= 0 we can write cj in
terms of bj and dj, and for t = 0 we have the relation bj = dj .
In Section 7 of [Per10], there is a similar parameterization of path algebras correspond-
ing to Hirzebruch surfaces, which has the advantage that it can contain arbitrarily many
Hirzebruch surfaces. However, our construction has the nice attribute that it directly
corresponds to a real deformation. The construction we presented here can in fact be
easily generalized to construct a noncommutative deformation coming from an arbitrary
homogeneous deformation of rational C∗-surfaces and a strongly exception sequence E on
the general fiber degenerating to a strongly exceptional sequence.
References
[Bon89] Alexei I. Bondal. Representations of associative algebras and coherent sheaves. Izv. Akad. Nauk
SSSR Ser. Mat., 53(1):25–44, 1989.
28 A. HOCHENEGGER AND N.O. ILTEN
bc
a1
,,
a2
22 bc
b−i
...

b0

c−i+α
...
((
c0
55
d−i+α
...
??
dr+α
FF
bc
e1
,,
e2
22 bc
bja1 = bj−1a2
cja1 = cj−1a2
dja1 = dj−1a2
e1bj = e2bj−1
e1cj = e2cj−1
e1dj = e2dj−1
e1bja2 = e2bja1
e1cja2 = e2cja1
e1dja2 = e2dja1
e1bj−1a2 = e1bja1
e1cj−1a2 = e1cja1
e1dj−1a2 = e1dja1
e1bj+1a2 = e2bja2
e1cj+1a2 = e2cja2
e1dj+1a2 = e2dja2
s · cj = dj − bj
Figure 10. A family of quivers
[FKZ07] Hubert Flenner, Shulim Kaliman, and Mikhail Zaidenberg. Completions of C∗-surfaces.
In Affine algebraic geometry, pages 149–201. Osaka Univ. Press, Osaka, 2007. Also
arXiv:math/0511282.
[Ful93] William Fulton. Introduction to toric varieties, volume 131 of Annals of Mathematics Studies.
Princeton University Press, Princeton, NJ, 1993. The William H. Roever Lectures in Geometry.
[HI11] Andreas Hochenegger and Nathan Owen Ilten. Families of invariant divisors on rational
complexity-one T -varieties. arXiv:0906.4292v3 [math.AG], 2011.
[Hoc11a] Andreas Hochenegger. Exceptional sequences of line bundles and spherical twists - a toric
example, 2011. arXiv:1108.3734v1, to appear in Betra¨ge Algebra Geom.
[Hoc11b] Andreas Hochenegger. Exzeptionelle Folgen in der torischen Geometrie [Excep-
tional Sequences in Toric Geometry]. PhD thesis, Freie Universita¨t, Berlin, 2011.
http://www.diss.fu-berlin.de/diss/receive/FUDISS_thesis_000000022947.
[HP11] Lutz Hille and Markus Perling. Exceptional sequences of invertible sheaves on rational surfaces.
Compos. Math., 147(4):1230–1280, 2011. Also arXiv:0810.1938.
[Huy06] Daniel Huybrechts. Fourier-Mukai transforms in algebraic geometry. Oxford Mathematical
Monographs. The Clarendon Press Oxford University Press, Oxford, 2006.
[IS11] Nathan Owen Ilten and Hendrik Su¨ß. Polarized complexity-one T -varieties. The Michigan
Mathematical Journal, 60(3):561–578, 2011. Also arXiv:0910.5919.
[IV12] Nathan Owen Ilten and Robert Vollmert. Deformations of rational T -varieties. J. Algebr.
Geom., 21(3):531–562, 2012. Also arXiv:0903.1293.
[LS10] Alvaro Liendo and Hendrik Su¨ß. Normal singularities with torus actions, 2010.
arXiv:1005.2462v2, to appear in Tohoku Math. J.
[Man86] Yu. I. Manin. Cubic forms, volume 4 of North-Holland Mathematical Library. North-Holland
Publishing Co., Amsterdam, second edition, 1986. Algebra, geometry, arithmetic, Translated
from the Russian by M. Hazewinkel.
[OW77] Peter Orlik and Philip Wagreich. Algebraic surfaces with k∗-action. Acta Math., 138(1-2):43–
81, 1977.
[Per10] Markus Perling. Examples for exceptional sequences of invertible sheaves on rational surfaces.
In Geometric Methods in Representation Theory II, Seminaire et Congress 25, pages 369–389.
2010. Also arXiv:0904.0529v1.
[PS11] Lars Petersen and Hendrik Su¨ß. Torus invariant divisors. Israel J. Math., 182(1):481–504, 2011.
Also arXiv:0811.0517.
[Rud90] A. N. Rudakov.Helices and vector bundles, volume 148 of London Mathematical Society Lecture
Note Series. Cambridge University Press, Cambridge, 1990. Seminaire Rudakov, Translated
from the Russian by A. D. King, P. Kobak and A. Maciocia.
EXCEPTIONAL SEQUENCES ON RATIONAL C∗-SURFACES 29
Mathematisches Institut, Universita¨t zu Ko¨ln, Weyertal 86–90, 50931 Ko¨ln, Germany
E-mail address : ahochene@math.uni-koeln.de
Department of Mathematics, University of California, Berkeley CA 94720, USA
E-mail address : nilten@math.berkeley.edu
